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Interlude:
SM & neutrinos 



The Standard Model
(in a nutshell)

1961 - Glashow proposes SU(2)xU(1) as the local 
symmetry group for weak interactions
1964- Salam and Ward use SU(2)xU(1) local to  
construct a model for electrons and muons
1967/8-  Weinberg and Salam, independently, propose  
a spontaneously broken  SU(2)LxU(1)Y model for 
leptons. Quarks included in early 70’s following 
Glashow, Iliopoulos and Maiani
1971- ‘t Hooft proves renormalizability of SB gauge
theories having  interactions w/ operators of d≤ 4 
1973- Gross, Wilczek and Politzer showed that SU(3)c 
of strong interaction is asymptotically free



The Standard Model
SU(3)c x SU(2)L x U(1)Y

Electroweak Symmetry Group

• SU(2)L: weak isospin Group Generators: Ia (a = 1,2,3) 
with [Ia,Ib] = iεabc Ic

           e.g. in 2D representation Ia = τa/2
• U(1)Y : hypercharge Group Generator: Y
The action of Y on fermion fields is constrained by

Gell-Mann-Nishijima Relation
Q = I3 + Y



The Standard Model
Representations of the fermion fields (which lead 
to the correct phenomenology) is
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O
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Q
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Le =
�

νeL

eL

�

Lµ =
�

νµL

µL

�

Lτ =
�

ντL

τL

�

Qu =
�

uL

dL

�

Qc =
�

cL

sL

�

Qt =
�

tL
bL

�

left-handed (L) chiral components: weak isospin doublets



The Standard Model
Representations of the fermion fields (which lead 
to the correct phenomenology) is

LE
PT

O
NS

Eα ≡ (1,-1)

α = e,μ,τ

Q
UA

RK
S

Uα ≡ (1,4/6)eR, µR, τR

right-handed (R) chiral components: weak isospin singlets

νeR , νµR , ντR

uR, cR, tR

dR, sR, bR

α = u,c,t

α = d,s,b
Dα ≡ (1,-2/6)

not present in the SM



The Standard Model

α = e,μ,τ

Since L and R components of the fermion fields 
transform in different way, the presence of a bare 
mass term

Lmass ∝ f̄ f = f̄LfR + f̄RfL

in the SM Lagrangian is forbidden by SU(2)L×U(1)Y 
symmetry   ➯ Fermion masses generated by the                       
HIGGS "MECHANISM

SU(2)L×U(1)Y  ⇒  U(1)Q after spontaneous symmetry breaking 
EWSB



The Standard Model

α = e,μ,τ

fermion masses arise from Yukawa interactions

Higgs acquires a vev 

since we do not νR   have no mass @tree-level
but can they acquire mass by loop corrections ? 

− LY = yd
αβ Qα ΦDβ + yu

αβ Qα Φ̃Uβ + y�
αβLα ΦEβ + h.c.

Φ → �Φ� =
1√
2

�
0
v

�

Unitary Gauge 
Φ =

1√
2

�
0

v + h

�

Φ(x) =
�

Φ+(x)
Φ0(x)

�
≡ (2,1/2) Φ̃(x) = iτ2Φ(x)∗ ≡ (2,−1/2)



Can we have mν≠0 in the 

SM ?
a loop correction could induce an effective mass 
term like .... yν

αβ

v
ΦΦLα Lβ

But the SM has an accidental global 
symmetry

GSM = U(1)B ×U(1)Le ×U(1)Lµ ×U(1)Lτ

 No ! Neutrinos have no mass in the SM!



Can we have mν≠0 in the 

SM ?
a loop correction could induce an effective mass 
term like .... yν

αβ

v
ΦΦLα Lβ

But the SM has an accidental global 
symmetry

this term violates GSM

GSM = U(1)B ×U(1)Le ×U(1)Lµ ×U(1)Lτ

 No ! Neutrinos have no mass in the SM!



Neutrino mass is Beyond 
SM Physics   

Ignore this for now ...

(Next Lecture)



                                   

Lecture II 

 Neutrino 
 Oscillations





 Neutrino Oscillations
 in Vacuum



 First Ideas 
1957 - B. Pontecorvo suggested  ν→ν 
oscillations in analogy to K0 → K0 ones

_
_

1962 - Flavor transitions νe →νμ  

considered by Maki, Sakata and Nakagawa

B. Pontecorvo S. Sakata Z. Maki M. Nakagawa



 Neutrino Masses & Mixings
νe , νμ , ντ  ≠    ν1 , ν2 , ν3 

      (flavor or weak eigenstates)          (mass eigenstates)

neutrinos are produced by CC weak interactions as wave 
packets localized around a source position x0 = (t0, x0 )→

|να(x)� =
n�

i=1

U∗
αi

�
d3p

(2π)3
fj(�p) e−iEi(t−t0) ei�p(�x−�x0)|νi�

superposition of n light mass 
eigenstates

See E. Akhmedov and A. Smirnov, arXiv :0905.1903

We will derive the oscillation probability using  plane waves  - conceptually wrong 
but  gives the right result much quicker 

obs: indices L omitted !

Note: if  |ν> : U* → U
_



νe , νμ , ντ  ≠    ν1 , ν2 , ν3 
      (flavor or weak eigenstates)          (mass eigenstates)

|να� =
n�

i=1

U∗
αi |νi� α = e, µ, τ |να(t)� =

n�

i=1

U∗
αi |νi(t)�

state produced by CC interaction
superposition of n light mass 
eigenstates

after propagating for a time t
after traveling a distance L ≈ ct

probability of detecting it as νβ  

Pαβ(t) = |Aαβ(t)|2 = |�νβ |να(t)�|2 = |
n�

i=1

n�

j=1

U∗
αiUβj�νj(0)|νi(t)�|2

 Neutrino Masses & Mixings

mixing matrix



 Neutrino Oscillations in Vacuum
Pαβ(t) = |Aαβ(t)|2 = |�νβ |να(t)�|2 = |

n�

i=1

n�

j=1

U∗
αiUβj�νj(0)|νi(t)�|2

|νi(t)� = e−i
Ei
� t|νi(0)� all with  the same momentum 

Ei =
�

p2c2 + m2
i c4 ≈ pc +

m2
i c

3

2p
= E +

m2
i c

4

2E

Pαβ(t) = |
n�

i=1

U∗
αiUβi e−i

Ei
� t|2

very relativistic neutrinos 

to very good approximation 

Pαβ(L) =
n�

i,j=1

U∗
αiUβiUαjU∗

βj e−i
∆m2

ijc
3

2E� L

∆m2
ij = m2

i −m2
j

[put back c and ħ for now]



 The Mixing Matrix U 
(nxn) unitary matrix ➪ n2 real parameters

more on this next week ...

n (n-1)/2 mixing angles n (n+1)/2  phases 

Dirac ν : n + (n-1) = 2n-1 phases can be absorbed 
in redefinitions of lepton fields
n (n+1)/2 - (2n-1) =  (n-1)(n-2)/2    Dirac physical phases 

Majorana ν : only n  phases can be absorbed in 
redefinitions of  charged lepton fields
Dirac physical phases   +  (n-1)  Majorana physical phases 

do n
ot e

nter
 

osc
illat

ions
 



 For Two Flavors  

1 angle + 0 Dirac phases U =
�

cos θ sin θ
− sin θ cos θ

�

Peµ(L) = sin22θ sin2

�
∆m2

21L
4E

�

= sin22θ sin2

�
1.27

∆m2
21

eV2

L
m

MeV
E

�

Pee = 1−Peµ

survival probability
oscillation probability

equal masses ➙ no oscillation

natural units (c = ħ = 1)

L = baseline

 phase difference➚



when can one observe oscillations?

Losc =
4πE

∆m2
21

Peµ(L) = sin22θ sin2

�
π L
Losc

�
→ 1

2
sin2 2θ

average regime

∼ 2.5km
E (GeV)

∆m2
21(eV2)

Losc ∼ 830 km

 For Two Flavors  oscillation
length



 For Three Flavors 

U =




c12c13 s12c13 s13e−ıδ

−s12c23 − c12s23s13eıδ c12c23 − s12s23s13eıδ s23c13

s12s23 − c12c23s13eıδ −c12s23 − s12c23s13eıδ c23c13





standard  parametrization - PMNS matrix 3 angles + 1 Dirac phase

cij ≡ cos θij sij ≡ sin θij θij ∈ [0,π/2] δ ∈ [0, 2π]

Δm312 = Δm322 + Δm212

if Δm212 <<  |Δm231|  and s13  ➞ 0  12 and 23  sub-systems decouple



The Standard Framework
Δm212 = Δm2sol > 0     Δm21

2 << |Δm232| ≈ |Δm231|  
Normal Hierarchy Inverted Hierarchy

Ne
ut

ri
no

 M
as

s 
Sq

ua
re

d

Fraction Flavor Content

νe νμ ντ

Δm
2 so

l

Δm
2 so

l
Δm

2 at
m

cosδ = 1

cosδ = -1
cosδ = 1

cosδ = -1

cosδ = 1

cosδ = -1
cosδ = 1

cosδ = -1

ν1

ν2

ν3

ν1

ν2

ν3

Δm
2 at

m

we will see why soon 



 CPT in Neutrino Oscillations 
CP symmetry 
LH Particles  ⇔  RH Antiparticles

RH Particles  ⇔   LH Antiparticles
All Lorentz invariant, local  Quantum Field Theories can be shown to be invariant 
under CPT  (charge conjugation + parity + time reversal)

G. Lüders (1954), W. Pauli (1955), J.S.Bell (1954)

So if CP is conserved (violated) T is conserved (violated)
No reason to think CPT is not conserved ...

CP : ναL ⇔ναR   ⇒  U*
αi ⇔ Uαi ;  δ ⇔ -δ 

_

T : t ⇔ t0   ⇒ ναL ⇔νβL   
CP and T  absent for 2 flavors . Its is a ≥ 3 flavor effect ! 



 CPT in Neutrino Oscillations 

Very Difficult to measure ...

Measures CP:  

Measures T:  

∆PCP
αβ ≡ P(να → νβ)−P(ν̄α → ν̄β)

∆PT
αβ ≡ P(να → νβ)−P(νβ → να)

Measures CPT:  

∆PCPT
αβ ≡ P(να → νβ)−P(ν̄β → ν̄α)

∆PCP
eµ = ∆PCP

µτ = ∆PCP
τe ≡∆P

∆P = −4 s12c12s13c
2
13s23c23 sin δ

×
�
sin

�
∆m2

12

2E
L

�
+ sin

�
∆m2

23

2E
L

�
+ sin

�
∆m2

31

2E
L

��

For 3 flavors

Max. for δ= π/2 or 3 π/2



 Neutrino Oscillations
 in Matter



 The MSW Effect 
1978 - Wolfenstein suggests matter can  
drastically impact neutrino oscillations 

1985 -  Mikheyev & Smirnov observe the 
possibility of resonance in flavor conversion

L. Wolfenstein

A. Yu SmirnovS. Mikheyev



 How can matter affect 
neutrinos ?

incoherent process (capture, finite angle 
scattering) σ ∝ GF 2

coherent forward scattering 

effects ∝ GF a lot larger!

lead to effective potentials for ν’s in 
matters ∝ GF  n    



Coherent Forward Scattering
e-

e-

νe

νe(CC) (NC)
e-, N e-, N

νe, νμ, ντνe, νμ, ντ



Coherent Forward Scattering
e-

e-

νe

νe(CC) (NC)
e-, N e-, N

νe, νμ, ντνe, νμ, ντ

H
(e)
CC =

√
2GF

�
d

3
pe f(Ee,T)

× �< e(s,pe)|ē(x)γµPL νe(x)ν̄e(x)γµPLe(x)|e(s,pe) >�

=
√

2GFν̄e(x)γµPLνe(x)
�

d3pef(Ee,T)�< e(s,pe)|ē(x)γµPLe(x)|e(s,pe) >�

f (Ee,T ) homogeneous, isotropic and normalized

averaged over e- spin and summed over all e- in the medium

coherence  ➙same e(s, pe) @ start and end



Coherent Forward Scattering
< e(s,pe)|ē(x)γµPLe(x)|e(s,pe) >� =

1
V

< e(s,pe)|ūs(pe)a†
s(pe)γµPLas(pe)us(pe)|e(s,pe) >

�...� = ne(pe)
1
2

�

s

= ne(pe)
pµ

e

Ee

�
d3pe�pef(Ee, T ) = 0

H
(e)
c =

√
2GF ne ν̄e(x)γ0PLνe(x)

Vc = �νe|
�

d
3
xH

(e)
c |νe� =

√
2GF ne

isotropic  medium

effective 
potential

ne = electron  
# density



Coherent Forward Scattering
e-

e-

νe

νe(CC) (NC)
e-, N e-, N

νe, νμ, ντνe, νμ, ντ

Ve = Vc  + VNc

 V (e)Nc =- V (p) Nc     VNc = V (n) Nc 

Vμ= Vτ = VNc

common phase

antineutrinos :  V  → - V



ν Oscillations in Matter
i
d

dt
|να(p, t)� = H|να(p, t)� |να(p,0)� ≡ |να(p)�

Aαβ(p, t) = �νβ(p)|να(p, t)� Aαβ(p,0) = δαβ

i
d

dt
Aαβ(p, t) = �νβ(p)|H|να(p, t)� = �νβ(p)|H0|να(p, t)� + �νβ(p)|HI|να(p, t)�

Schrödinger picture

flavor transition amplitude

�νβ(p)|H0|να(p, t)� =
�

ρ

�νβ(p)|H0|νρ(p)��νρ(p)|να(p, t)�

δβρVβ

=
�

ρ

�

j

U∗
ρj Uβj Ej Aαρ(p, t)

�νβ(p)|HI|να(p, t)� =
�

ρ

�νβ(p)|HI|νρ(p)�Aαρ(p, t)



ν Oscillations in Matter
i
d
dt
Aαβ =

�

ρ




�

j

U∗
ρj Uβj Ej + δβρVβ



Aαρ(p, t)

ultra-relativistic ν :  E j = E + m2j /(2E)     t ≈ r

Ve = Vc  + VNc Vμ= Vτ = VNc

i
d
dr
Aαβ = (E + VNC)Aαβ(p, r) +

�

ρ




�

j

Uβj

m2
j

2E
U∗

ρj + δρeδβeVc



Aαρ(p, r)

A�
αβ(p, r) = Aαβ(p, r) eiE r+i

R r
0 VNC(x�)dx� global phase



ν Oscillations in Matter

i
d
dr
Aαβ = (E + VNC)Aαβ(p, r) +

�

ρ




�

j

Uβj

m2
j

2E
U∗

ρj + δρeδβeVc



Aαρ(p, r)

A�
αβ(p, r) = Aαβ(p, r) eiE r+i

R r
0 VNC(x�)dx� global phase

i
d
dr
A�

αβ(p, r) = eiE r+i
R r
0 VNC(x�)dx�

�
−E−VNC + i

d
dr

�
Aαβ

i
d
dr
A�

αβ =
�

ρ




�

j

Uβj

m2
j

2E
U∗

ρj + δρeδβeVc



A�
αρ(p, r)

so Pαβ = |Aαβ |2 = |A�
αβ |2

define



The Standard Framework

M =




0 0 0
0 ∆m2

21 0
0 0 ∆m2

31



 A =




Ve 0 0
0 0 0
0 0 0





evolution of neutrino amplitudes 

i
d
dr




Aαe

Aαµ

Aατ



 =
�

1
2E

UM2U† + A
� 


Aαe

Aαµ

Aατ





Ve =
√

2GFne ∼ 7.6Ye
ρ

1014g/cm3 eV

ρ ∼ 100g/cm3 Ve ∼ 10−12 eV
ρ ∼ 10g/cm3 Ve ∼ 10−13 eV Earth’s core

Sun’s core



Two Flavors in Matter
i

d
dr

�
Aαe

Aαµ

�
=

�
−∆m2

21
4E cos 2θ + Ve

∆m2
21

4E sin 2θ
∆m2

21
4E sin 2θ ∆m2

21
4E cos 2θ

��
Aαe

Aαµ

�

constant matter density

√
2GF ne = ∆m2

21
2E cos2θ

MSW resonance 
conditions

will only happen for  neutrinos if 
Δm212 > 0

A ≡ 2
√

2EGF ne

sin2 θm = 1
2 [1 + (A−∆m2

21 cos 2θ)
∆m2

m
]

∆m2
m =

�
(∆m2

21 cos2θ −A)2 + (∆m2
21 sin2θ)2



Two Flavors in Matter

√
2GF ne = ∆m2

21
2E cos2θ

|νe� = cos θm|ν1m� + sin θm|ν2m�

|νµ� = − sin θm|ν1m�+ cos θm|ν2m�

MSW resonance 
conditions θm = 45o maximal mixing

ne >> neres  θm = 90o

ne << neres  θm ≈ 0o

sin2 θm = 1
2 [1 + (A−∆m2

21 cos 2θ)
∆m2

m
]

ne = neres 
variable matter density

ν2 →νe interaction 
eigenstates

instantaneous 
eigenstates in matter



Two Flavors in Matter
variable matter density

i
d
dr

�
ν1m

ν2m

�
=

1
4E

�
−∆m2

m −4iEdθm(r)/dr
4iEdθm(r)/dr ∆m2

m

� �
ν1m

ν2m

�

Textadiabatic transitions:
∆m2

m >> 4Edθm(r)/dr
instantaneous mass eigenstates behave like energy 
eigenstates → they do not mix on evolution

instantaneous 
eigenstates in matter

if

P(νe → νe) = cos2 θm cos2 θ + sin2 θm sin2 θ +
1
2

sin2θm sin2θ cos
�

δ(r)
2E

�

δ(r) =
� r

r0
∆m2

m(r�)dr�
Sun : δ(r) >> E  averaged



Two Flavors in the Sun

νe ≡ ν2

Sun’s core sin2θm

Sun’s coreSun’s surface

P(νe → νe) = cos2 θm cos2 θ + sin2 θm sin2 θ



 Revisiting 
Experiments



Atmospheric Neutrinos

Super-Kamiokande down goingup going



Atmospheric Neutrinos
P3g

νµ→νµ
∼ s213

cos2θ23

c2
23

+ (1− s213
cos2θ23

c2
23

)P2g
νµ→νµ

(∆m2
31, θ23)



Accelerator Neutrinos
π+ → µ+ + νµ

 MINOS : 

P3g
νµ→νµ

∼ s213
cos2θ23

c2
23

+ (1− s213
cos2θ23

c2
23

)P2g
νµ→νµ

(∆m2
31, θ23)

νµ → νµ



Fit of Parameters
[M

.C
. G

on
za

le
z-

G
ar

ci
a, 

M
. M

al
to

ni,
 J

. S
al
va

do
, J

H
EP

 0
4 

(2
01
0)

 0
56

]

★

0.3 0.5 1 2 3 4
tan2

θ23

1

2

3

4

5

Δ
m

2 31
 [1

0-3
 e

V2 ]

SK(I+II)

★

0.3 0.5 1 2 3 4
tan2

θ23

SK(I+II+III)

∆m2
31 =

�
−2.36± 0.07 (±0.36)× 10−3 eV2

+2.47± 0.12 (±0.37)× 10−3 eV2

θ23 = 42.9 +4.1
−2.8

�
+11.1
−7.2

�◦

@ 4.3%

sin2 θ23 @ 12%



ν̄e → ν̄e

E ∼ 3 MeV
|Δm231|∼3 x 10-3 eV2

Δm221∼8 x 10-5 eV2

Losc31∼ 2.5 km

Losc21 ∼ 100 km

baseline 
1 km

do not  
contribute at all



KamLAND
P3g

νe→νe
= sin4 θ13 + cos4 θ13 P2g

νe→νe
(∆m2

12, θ12)

E ∼ 3 MeV
|Δm231|∼3 x 10-3 eV2

Δm221∼8 x 10-5 eV2

Losc31∼ 2.5 km

Losc21 ∼ 100 km

baseline 
180 km

averaged !

ν̄e → ν̄e



Solar Neutrinos
P2g

νe→νe
(∆m2

12, θ12) ∼ 1− 1
2

sin2 2θ12

vacuum oscillations

matter dominated

MSW Effect

ne → ne cos2 θ13Ve =
√

2GF ne

those are averagedLosc
31,32 =

4πE
|∆m2

31,32| << LSun−Earth

P2g−mat
νe→νe

(∆m2
12, θ12) ∼ sin2 θ12

P3g
νe→νe

= sin4 θ13 + cos4 θ13 P2g−mat
νe→νe

(∆m2
12, θ12)



Fit of Parameters

[M.C. Gonzalez-Garcia, M. Maltoni, J. Salvado, JHEP 04 (2010) 056]

∆m2
21 = 7.59± 0.20

�
+0.61
−0.69

�
× 10−5eV2

θ12 = 34.4± 1.0
�

+3.2
−2.9

�◦

sin2 θ12 @ 5.4%

@ 2.6%



νµ → νeJune 2011

T2K
6 events obs.
1.5 expected bck
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ν̄e → ν̄e
Double Chooz

Nobs

Nexp
= 0.944± 0.016± 0.040

sin2 2θ13 = 0.086± 0.041± 0.030

Daya Bay

En
d o

f 2
011

07
/0
3/2

012

Y. 
Ab

e 
et

 a
l.,

 a
rX

iv
:11

12
.6

35
3

Nobs

Nexp
= 0.940± 0.011± 0.004

sin2 2θ13 = 0.092± 0.016± 0.005



Fit of Parameters
P 3g

ν̄e→ν̄e
= 1− c4

13 sin2 2θ12 sin2 ∆21 − s2
12 sin2 2θ13 sin2 ∆32

−c2
12 sin2 2θ13 sin2 ∆32

∆ij = ∆m2
ijL

4E
P3g

ν̄e→ν̄e
∼ 1− sin2 2θ13 sin2(∆m2

32L
2E )

Reactor Experiments



Fit of Parameters
P 3g

ν̄e→ν̄e
= 1− c4

13 sin2 2θ12 sin2 ∆21 − s2
12 sin2 2θ13 sin2 ∆32

−c2
12 sin2 2θ13 sin2 ∆32

∆ij = ∆m2
ijL

4E
P3g

ν̄e→ν̄e
∼ 1− sin2 2θ13 sin2(∆m2

32L
2E )

Reactor Experiments

P3g
νµ→νe

= |2U∗
µ3Ue3 sin∆31e−i∆32 + 2U∗

µ2Ue2 sin∆21|2

P3g
νµ→νe

∼ Patm + 2
√

Patm
√

Psol cos(∆32 + δ) + Psol

√
Patm ≡ s23 sin2θ13 sin∆31

√
Psol ≡ c23c13 sin2θ12 sin∆21

sensitivity to δ
Accelerator Experiments



Status of the 3 ν Paradigm

V =




c12c13 s12c13 s13e−ıδ

−s12c23 − c12s23s13eıδ c12c23 − s12s23s13eıδ s23c13

s12s23 − c12c23s13eıδ −c12s23 − s12c23s13eıδ c23c13





[M.C. Gonzalez-Garcia et al., arXiv:1209.3023]

sin2 θ12 = 0.30± 0.013 ∆m2
21 = (7.50± 0.185)× 10−5eV2
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KamLAND
(4.3%, 2.4%)
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sin2 θ23 = 0.59± 0.022
sin2 θ23 = 0.41 +0.037

−0.025

∆m2
31 = (2.47± 0.07)× 10−3eV2

∆m2
32 = −(2.43 +0.042

−0.065 )× 10−3eV2
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Normal Hierarchy

Inverted Hierarchy

atmospheric neutrinos 
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MINOS

Octant Problem

Hierarchy Problem
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sin2 θ13 = 0.023± 0.0023 δ = (300 +66
−138 )◦

reactor 
+ 

atmospheric  
neutrinos

CP Violation?

sin δ < 0
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Solar νAtmospheric ν

Reactor ν Accelerator ν

Neutrino Oscillations ☛ Physics Beyond the Standard   
Model

1998 ➜

SK   
1968 ➜

Homestake 

2002 ➜
KL 

2011 ➜ 
 DC

2011 ➜

T2K 
2002 ➜

K2K 
2006 ➜ 

 MINOS 

2001 ➜

SNO 


